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2 ■ Abstract . We show that for 2 < n + 1 < m, the class OTtnCAm is psuedo 

elementary, whose elementary that is not finitely axiomatizable. 

The class of neat reducts has been extensively studied by the author, 
^ ■ Andreka, Nemeti, Hirsch, Hodkinson, Ferenzci and others. In this note we 

^r^ ■ show that for 1 < n < m, the class ^tnCAm is psuedo-elementary (it is known 

C^ . that it is not closed under ultraroots Ur [3J), and that for 2 < n+ 1 < m < a;, 

the class Ur^VnCAm is not finitely axiomatizabe. For our first result we use 
a defining theory in two sorts when both n and m are finite, three sorts when 
cn ' n is finite and m is infinite, and four sorts when both mand n are infinite. For 

our second result we use Monk-like algebras constructed by Robin Hirsch. 
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'k>( ■ Theorem 0.1. Let 1 < n < m, then the class 9Tr„CAm is pseudo- elementary, 

^ . but is not elementary. Furthermore, EL'^JlXnCAmis recursively enumerable, 

and for n > 2, and m>2, EL'^JlXnCAm is not finitely axiomatizable. 



Proof. 



For n < m < u, the character sation is easy. One defines the class 
^tnCAm in a two sorted language. The first sort for the n dimensional 
cylindric algebra the second for the m dimensinal cylindric algebra. The 
signature of the defining theory includes an injective function I from 
sort one to sort two and includes a sentence requiring that / respects the 
operations and a sentence saying that an element of the second sort say y 
satisfies \/n<i<m ^iV = Hi i^ there exists x of sort one such that y = I{x) 
so that J is a bijection. 

Assume that n is still finite, we first show that for any infinite a, 9Tr„CA(^ - 
m„CA„. Let 21 e Dlr„CA^, so that 21 = Dlr„5B', 03' G CA^. Let 03 = 



&g^' A. Then <B G Lf^, and 2t = DTt„<B. But Lf^ = OTr^Lf„ and we are 
done. To show that 91r„CA^^ C OTr„RCA^^, let 21 G 9Tr„CA^, then by 
the above argument there exists then *B G Lf^^ such that 21 = OTr„^. by 
Lf(^ C RCA(^, we are done. 

It is known that class D^r„CA(^ is not elementary. In fact, there is an alge- 
bra 21 G D^r„CA(^ having a complete subalgebra ^, and 03 ^ D^r„CA„+i, 
this will be proved below. 

Now assume that m is infinite. Here if y is in the n dimensional cylindric 
algebra then we cannot express Ci = y for alH G w ~ n, like we did when 
m is finite, so we have to think differently. 

To show that it is pseudo-elementary, we use a three sorted defining the- 
ory, with one sort for a cylindric algebra of dimension n (c), the second 
sort for the Boolean reduct of a cylindric algebra (6) and the third sort 
for a set of dimensions {6). We use superscripts n, b, 6 for variables and 
functions to indicate that the variable, or the returned value of the func- 
tion, is of the sort of the cylindric algebra of dimension n, the Boolean 
part of the cylindric algebra or the dimension set, respectively. The sig- 
nature includes dimension sort constants i^ for each i < ou to represent 
the dimensions. The defining theory for 9Tr„CAt^ incudes sentences de- 
manding that the consatnts i^ ioi i < u are distinct and that the last two 
sorts define a cylindric algenra of dimension u. For example the sentence 

\/x^, y\ z\d\x\ y^) = c\z^, d\x\ z^).d\z\ /))) 

represents the cylindric algebra axiom Aij = Ck^dik-dkj) for all i,j, k < u. 
We have have a function J^ from sort c to sort b and sentences requiring 
that /* be injective and to respect the n dimensional cylindric operations 
as follows: for all x^ 

I\d,,) = d\^,f) 

I\c,x^)=c\{l\x)). 

Finally we require that P maps onto the set of n dimensional elements 

V/((V/(/ ^ 0^ . . . (n - l)-^ -^ c\z\y^) = /)) ^ 3x'{y^ = l\x^))). 

In this case we need a fourth sort. We leave the details to the reader. 

In all cases, it is clear that any algebra of the right type is the first sort of 
a model of this theory. Conversely, a model for this theory will consist of 
an n dimensional cylindric algebra type (sort c), and a cylindric algebra 
whose dimension is the cardinality of the (5-sorted elements, which is at 
least Iml. Thus the first sort of this model must be a neat reduct. 



(2) For 21 G CA„, yid^Ql denotes the CA3 obtained from 21 by discarding all 
operations indexed by indices in n ~ 3. Df„ denotes the class of diagonal 
free cylindric algebras. 9^0^/21 denotes the Df„ obtained from 21 by 
deleting all diagonal elements. To prove the non-finite axiomatizability 
result we use Monk's algebras given above. 

For 3 < n,i < u, with n — 1 < i, (En,i denotes the CA„ associated with 
the cylindric atom structure as defined on p. 95 of [Ij. Then by [H 
3.2.79] for 3 < n, and j < u, Dld^Cn^n+j can be neatly embedded in a 
CA3+J+1. (1) By [1, 3.2.84]) we have for every j G u, there is an 3 < n 
such that Dlddf^i^aCn^n+j is a non-representable Dfa. (2) Now suppose 
m E u. By (2), choose j G w ~ 3 so that Dlddf^^s^jj+m+n-i is a non- 
representable Dfs. By (1) we have UlDdf^^s'^jj+m+n-i ^ ^i^3®m, for 
some ^ G CAn+m- Put 21^ = ''Xttn^m- 9^^d/2tm is not representable, 
a friotri, 21^ ^ R-CA„, for else its Df reduct would be representable. 
Therefore 21^ ^ -ELDlr„CA^. Now let (tm be an algebra similar to 
CA^'s such that 03^ = 9^()„+m^m- Then 21^ = D^r^Cm- Let F be a 
non-principal ultrafilter on u. Then 

n 2i™/F = n (^i^n£™)/F = mxni n ^-/f) 

radu) radu) mduj 

But rimGw '^m/-^ e CA^. Hence CA„ ~ E/91r„CAaj is not closed under 
ultraproducts. It follows that the latter class is not finitely axiomatizable. 
In [?] it is proved that for 1 < a < /3, E/0Tr„CA;3 C ^Olr^CA;?. 

(3) This follows from the folowing known fact (a result of Hirsch and Sayed 
ahmed, submitted for publication) For 3 < m < n < cu, there is m 
dimensional algebra £(m, ra, r) such that 

(1) £(m,n,r)G 91r^CA„ 

(2) (L{m,n,r) i S^XraCKn+i 

(3) Y[,^^<l{m,n,r) e EmXmCAn 

■ 
From the above proof it follows that 

Corollary 0.2. Let K he any class such that '^XnCA^ '^ K C RCA„. Then 
ELK is not finitely axiomatizable 

Theorem 0.3. For a infinite, andk G u there is2l G ^XaCAa+k ~ S^XaCAa+k+i 

Proof. Let C{m, n, r) be as consrtucted above, then we also have: For m < 
n and k > 1, there exists Xn G €{n,n + k,r) such that (t{m,m + k,r) = 
yilx^{n, n + k,r). Let a be an infinite ordinal, let X be any finite subset of a, 



let / = {r : X C r C a, |r| < u}. For each T e I let Mr = {A e I : A D T} 
and let F be any ultrafilter over I such that for all F G / we have Mr G F 
(such an ultrafilter exists because Mr^ fl Mr^ = MriuT2)- For sach F G / let 
pr be a bijection from |F| onto F. For each F G / let Ar,J3r be CAa-type 
algebras. For each F G / we have IHO^^^r = ^dP'^Br then Ur/pAr = Ur/pBr- 

Furthermore, if Dld'^'Ar G CA|r|, for each F G / then Ur/pAr G CA„. 

Let k E u. Let a be an infinite ordinal. Then S'^XttaCAa+k+i C S'^XttaCAa+k- 
Let r ecu. Let / = {F : F C a, |F| < u}. For each F G /, let Mr = {A G / : 
F C A}, and let F be an ultrafilter on / such that VF G /, Mp G F. For each 
F G /, let Pr be a one to one function from |F| onto F. Let Cf be an algebra 
similar to CA„ such that 



U\dP^C^ = C{\T\,\T\ + k,r) 



Let 



We will prove that 

1. W e ^XaCAa+k and 

2. W ^ S^x^CA^+k+i. 



r/Fei 



The theorem will follow, since D^Dca^'' G S^XaCAa+k \ S^XaCA^+k+i- 
For the first part, for each F G / we know that C(|F|+/c, |F|+/c,r) G CA|r|+A: 
and Dlr|r|C(|F| + fc, |F| + A;, r) = C(|F|, |F|+fc,r). Let ar be a one to one function 
(|F| + A;) — )■ (a + k) such that pr C o"r and o"r(|F|+i) = a+i for every i < k. Let 
^r be an algebra similar to a CAa+fe such that Dld'^^Ar = C{\T\ + k, |F| + k, r). 
By the second part with a + A; in place oi a, m VJ {a + i : i < k} m. place of 
X, {F C a + fc : |F| < cj, X C F} in place of J, and with a^ in place of pr, we 
know that Hr/FSlr G CA^+fc. 

We prove that W C D^rallr/F-^r. Recall that W = Hr/F^f and note that 
Cf C Ar (the base of Cf is C(|F|, |F| + fc,r), the base of Ar is C(|F| + fc, |F| + 
k,r)). So, for each F G /, 

my^ej^ = C{{\T\,\T\ + k,r) 

^ mx\r\C{\T\ + k,\T\ + k,r) 
= 0Tr|r|9^c)"^2lr 
= D^r^mxr'iir 

By the first part of the first part we deduce that Llr/F^r — Hr/F^trrSlr = 
mXallr/F^r, proving (^. 



Now we prove (^. For this assume, seeking a contradiction, that !B^ G 
S^XaCAa+k+i, ®^ ^ OTtaC, whcrc C G CAa+k+1- Let 3 < m < cj and 
A:m + A; + 1— T-a + fc + lbe the function defined by X{i) = i for i < m and 
A(m + i) = a + Hot i < k + 1. Then $HJ)^(C) G CA„+fc+i and ^dm^'' C 
OTtm^^^ (C). For each F G /, let /|r| be an isomorphism 

C{m,m + k,r) = mi^^^^U\dmC{\T\,\T + k\,r). 

Let X = {x\r\ '■ T)/-^ and let L{b) = {I\r\b : F)/F for b G C{m,m + A;,r). Then 
L is an isomorphism from C{m, m + k,r) into TOj;9^0m25''. Then DH^yidm^^ G 
SDTtmCAm+fc+i- It follows that C{m,m + k,r) G SOTtmCAm+fe+i which is a 
contradiction and we are done. D 
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